Self-organized electrode patterns are often observed experimentally in diverse types of electrical discharges, including atmospheric-pressure electric arcs, but rarely captured in general-purpose computational plasma dynamics simulations. Time-dependent three-dimensional thermodynamic non-equilibrium (two-temperature) simulations reveal the spontaneous formation of self-organized anode attachment spot patterns in the free-burning arc, a canonical direct-current (dc) discharge with an axisymmetric electrode configuration and in the absence of external forcing. The simulations are based on a monolithic fluid-electromagnetic plasma flow model numerically implemented within a second-order-accurate in space and time variational multiscale finite element framework. Simulation results show the gradual emergence of spot patters with increasing levels of anode cooling: from a single diffuse spot for low cooling levels to the eventual coverage of the anode region by small spots for intense cooling. The characteristics of the patterns, such as the number, size and location of the spots, markedly depend on the imposed total current. Furthermore, the patterns transition from steady to dynamic with decreasing total current for high cooling levels. The pattern dynamics show the formation of new spots by the splitting of old ones occurring in the center of the plasma, as well as the movement and eventual extinction of spots at the plasma boundaries. The different types of anode patterns (from diffuse to self-organized spots) have a significant effect on the total voltage drop across the plasma column, but a minor effect on other plasma characteristics away from the anode region. The results indicate that thermal instability together with equilibration between heavy-species and electron energy have a dominant role in the formation of anode patterns in arc discharges.
Introduction

Electrode patterns in arc discharges
AQ1
Pattern formation and self-organization are ubiquitous phenomena in diverse types of biological, chemical and physical systems, especially plasma systems [1] [2] [3] [4] , including electric arc discharges [5] [6] [7] [8] .
Electrode patterns refer to the specific arrangement, sometimes self-organized, of electrical attachment spots-locations where most of the electric current is transferred between the plasma and the electrodes.
The study of pattern formation and selforganization in electrical discharges is relevant not only from a fundamental standpoint-to unveil these intrinsic and fascinating characteristics of nature, but also from a practical perspective due to the potentially detrimental effects of electrode spots on plasma processing applications and electrode life.
The present understanding of electrode pattern formation in arc and thermal discharges is significantly more limited than for other types of plasmas, such as streamer [1] , glow [2, 3, 11, 12] , vacuum arcs [9, 10] and dielectric barrier discharges (DBDs [13] [14] [15] ). The study of electrode patterns in arc and thermal plasmas requires adequately addressing the harsh conditions typical of these discharges, such as extremely high current densities, temperatures and heat fluxes [16] , while properly assessing the complex interactions among diverse fluid dynamic, thermal, chemical and electromagnetic phenomena [17] . Additionally, the phenomena driving spot formation in arc discharges are significantly different for cathodes and anodes. The review article [18] provides a comprehensive summary of the current state of understanding of cathode phenomena in arc discharges, including the occurrence of multiple cathode attachment modes, which can be interpreted as manifestations of self-organized spot patterns. In contrast, anode phenomena in arc discharges present the additional complexity associated to the primary effect that fluid flow (induced or forced) has on the anode region [17] .
The interactions between the plasma in the anode region and the flow lead to, for example, the appearance of a single constricted anode attachment spot for weak interactions (e.g. [19] ), or to multiple and dynamic constricted spots for strong interactions (e.g. [8, 20] ). Despite the marked dependence on fluid flow, self-organization of anode spot patterns in arc discharges occurs in an analogous form as in other electrical discharges, as verified by experimental observations [21, 22] . The complex effects caused by the fluid flow over the anode region are evidenced by experimental and theoretical studies [23] [24] [25] that show that the arc attachments in cold (passive) and hot (active) anodes are very different due to the dominance of different types of instabilities. Consequently, it could be expected that certain form of phenomenological transition, potentially abrupt, takes place as the degree of anode cooling is progressively changed (e.g. as the strength of anode cooling is increased).
Computational plasma science and engineering provides an alternative approach to experimental and theoretical methods for the exploration of electrode pattern formation in electrical discharges. For example, computational studies have been able to describe the incidence of pattern formation in DBD and streamer discharges [1] , the self-organization of patterns in glow discharges [5, 6] and the spontaneous occurrence of anode spots in high-pressure glow discharges [26] . In contrast to the success of computational studies of other types of discharges, the computational simulation of anode pattern formation in arc plasmas has proven exceedingly elusive. The limited success of numerical arc discharge simulations is probably due to two main reasons: (1) the strong dependence on fluid dynamic, in addition to the chemical and electromagnetic, effects that drastically increase the expense of computational analyses (in terms of model complexity, nonlinearity and computational cost); and (2) the scarcity of the use of thermodynamic non-equilibrium arc discharge models [27] [28] [29] [30] , which provide a more adequate description of energy transport within the plasma than thermodynamic equilibrium models. (Thermodynamic equilibrium models are based on the local thermodynamic equilibrium (LTE) assumption-valid in the core of the plasma but not in the plasma boundaries [16] -and describe the evolution of a single temperature to characterize the thermal energy of atoms, ions and electrons; in contrast, thermodynamic non-equilibrium (non-LTE, NLTE, or two-temperature) models describe the evolution of heavyspecies and electron thermal energy separately.)
Previous computational investigations of arc discharges, even though their limited success capturing anode pattern formation and self-organization, have provided important insight into the subtleties associated to the incidence of such phenomena. For example, the computational studies in [31] of the anode region of an arc discharge subject to an impinging flow using a steady-state two-dimensional NLTE model captured the experimentally observed diffuse and constricted anode attachment modes for low and high flow rates, respectively. However, the simulations showed lack of convergence for intermediate flow rates, which suggest the occurrence of a transition or unstable phenomenon that could not be described by a steady-state flow model. Also, the time-dependent three-dimensional LTE simulations in [32] of the free-burning arc (a canonical arc discharge within an axisymmetric and steady configuration, as described in greater detail below) show that instabilities inherently develop. These instabilities are mitigated or even completely suppressed by the forced symmetry of commonly employed two-dimensional and/or steady-state models.
A recent report by the author [33] presented for the first time the computational observation of the spontaneous formation of self-organized patterns of anode attachment spots in an arc discharge. The report investigated the free-burning arc using a time-dependent three-dimensional NLTE model. The free-burning arc is an arc discharge in which an electric arc formed by a constant dc current between a conical cathode aligned vertically on top of a flat horizontal anode operating in the absence of external forcing (e.g. auxiliary gas flow, imposed magnetic field) establishes a recirculating flow that produces a characteristic bell-shaped optical emission profile. Due to its simplicity and significance in diverse industrial applications, such as arc welding, metallurgy and circuit breakers, the free-burning arc has been extensively studied experimentally and computationally (e.g. [12, 32, [34] [35] [36] 63] ). The numerically obtained anode attachment patterns were in qualitative agreement with experimental observations in watercooled metal anodes [21, 24] . Furthermore, the simulation results revealed that the number of spots, their size and distribution within the pattern depend on the applied total current and on the resolution of the spatial discretization, whereas the main properties of the plasma flow, such as maximum temperatures, velocity and voltage drop, depend only on the former. In addition, the results in [33] suggested that heavy-species-electron energy equilibration, in addition to thermal instability, has a dominant role in the formation of anode spots in arc discharges.
Scope and organization of the paper
This paper reports on the computational investigation of the effect of anode cooling on the formation of anode spot patterns in the free-burning arc using a time-dependent threedimensional NLTE plasma flow model. The model relies on the chemical equilibrium assumption, uses relatively simple 
boundary conditions (arguably standard in thermal plasma flow models), and does not include the bulk electrodes, electrode sheath models or anode material evaporation. The relative simplicity of the model makes the results particularly relevant to plasma flow models designed for the analysis of industrial applications, or to be used as basis for analyses using more comprehensive physical models. The simulation results reveal the gradual formation of spot patterns for increasing levels of anode cooling and for varying values of total electric current, show the effects of total current and cooling level in the overall characteristics of the plasma column, and unveil the static or dynamic nature of the anode attachment patterns. The paper is organized as follows: section 2 presents the mathematical NLTE plasma flow model based on a fully coupled monolithic treatment of fluid and electromagnetic equations. Section 3 describes the numerical-computational model, which is based on the variational multiscale finite element method (VMS-FEM) framework [37] [38] [39] [40] and is implemented in a time-implicit second-order-accurate in time and space discretization approach. Section 4 describes the free-burning arc problem: the geometry of the spatial domain, the computational discretization, as well as the set of boundary conditions used. Section 5 presents the computational results for the free-burning arc operating with argon for different values of total current and for the whole spectrum of cooling levels described as convective heat transfer losses (i.e. heat lost due to a convective heat transfer coefficient varying from 0 to ∞). Summary and conclusions of the study are presented in section 6.
Mathematical model
The mathematical model is described in greater detail in [33] and is summarized below for clarity and completeness of the exposition.
Assumptions and governing equations
The mathematical plasma flow model is based on a monolithic (i.e. tightly coupled) treatment of the equations for the fluid flow model together with the electromagnetic field evolution equations. The plasma is described as a compressible, reactive, electromagnetic fluid. The fluid approximation is adequate given the relatively high collision frequencies among the constituent particles in high-pressure (e.g. atmospheric) arc discharges. The plasma is assumed in chemical equilibrium, and therefore the concentrations of its constituent species obey appropriate mass action laws. The electrons and heavy-species observe different Maxwellian velocity distributions, and therefore the plasma is considered in a state of thermodynamic non-equilibrium (NLTE). The plasma is considered nonrelativistic, non-magnetized, quasi-neutral, resistive, and the macroscopic Maxwell's equations in a vacuum provide a suitable description of the evolution of electromagnetic fields. Charge transport is dominated by the electric field distribution and by electron diffusion; ion diffusion and Hall currents are assumed to be negligible. Radiative transport is modeled assuming the plasma is optically thin.
Based on the above assumptions, the plasma flow is described by the set of equations for: (1) conservation of total mass, (2) conservation of mass-averaged momentum, (3) conservation of thermal energy of heavy-species, (4) conservation of thermal energy of electrons, (5) conservation of electric charge and (6) magnetic induction. (The charge conservation equation is a restatement of Gauss' law, whereas the magnetic induction equation combines Faraday's and Ampère's laws.) These equations can be casted as a single set of transient-advective-diffusive-reactive (TADR) transport equations and are listed in table 1.
In table 1, ∂ t ≡ ∂/∂t is the partial derivative with respect to time, ∇ and ∇· are the gradient and the divergence operators, respectively; ρ represents total mass density, u mass-averaged velocity, p total pressure, µ is the dynamic viscosity, the superscript T indicates the transpose operator and δ the Kronecker delta tensor. The reactive term in the momentum conservation equation represents the Lorentz force, where J q is the electric current density and B the magnetic field. The energy conservation equations are written in terms of h h and h e , the heavy-species (i.e. atoms, molecules, ions) and electron enthalpies, respectively; κ hr represents the translational-reactive heavy-species thermal conductivity (described below), and κ e the electron thermal conductivity; and T h and T e the heavy-species and electron temperature, respectively. The terms ∂ t p h + u · ∇p h and ∂ t p e + u · ∇p e describe the heavy-species and electron pressure work, respectively, where p h and p e are the heavy-species and electron pressure, respectively. The term K eh (T e − T h ) models the relaxation of heavy-species and electron energy, where K eh is the electron-heavy-species energy exchange coefficient (inversely proportional to a characteristic time for inter-particle kinetic energy exchange); −τ : ∇u represents viscous heating; and the term 4πε r in the electron energy conservation equation models the radiation losses from the plasma using the effective net emission approximation, where ε r is the effective net emission coefficient for an optically thin plasma. The term J q ·(E +u×B) signifies Joule heating, where E is the electric field. The last reactive term in the electron energy conservation equation represents the transport of electron enthalpy due to mass diffusion. Finally, the evolution of the electromagnetic field is described in table 1 in terms of the effective electric potential φ p and the magnetic vector potential A; where σ is the electrical conductivity and µ 0 represents the permeability of free space.
Constitutive relations and material properties
Closure of the system of equations in table 1 requires the definition of constitutive relations-diffusive terms and complementary relations, as well as thermodynamic and transport material properties.
The diffusive term in the equation of conservation of mass-average momentum describes the divergence of the stress tensor τ , which is therefore given by
where the 2 3 factor next to the fluid dilatation term ∇ · u arises from the use of Stokes' hypothesis for the dilatational viscosity [41] .
The diffusive term in the equation of conservation of heavy-species thermal energy represents the divergence of the total heavy-species heat flux:
where κ h is the translational heavy-species thermal conductivity, J s and h s stand for the diffusive mass transport flux and specific enthalpy of species s, respectively; and the summation in equation (2) runs over all the heavy-species in the plasma (i.e. all species except electrons). The first term on the right-hand side of equation (2) denotes the heat flux due to thermal conduction, whereas the second term denotes the heat transported due to mass diffusion processes. Because the chemical equilibrium assumption allows the determination of all species concentrations from the thermodynamic state of the plasma, the last term in equation (2) can be approximated as s̸ =e h s J s ≈ −κ r ∇T h , where κ r is the so-called reactive thermal conductivity, such that κ hr = κ h + κ r can be treated as any other transport property. Analogously to the heavy-species thermal energy conservation equation, the diffusive term in the electron thermal energy conservation equation describes the heat transported by electrons due to conduction. The last component of the reactive term in the electron energy conservation equation describes the transport of thermal energy by diffusion of electron enthalpy (analogous to the last term on the right-hand side of equation (2)). Since the current density is dominated by the transport of charge by electronsdue to their smaller mass and higher mobility, the electron mass diffusion flux can be approximated as J e ≈ −(m e /e)J q , where m e is the electron mass and e is the elementary charge. Therefore,
where charge conservation ∇ · J q = 0 has been invoked, as well as the definition of electron enthalpy h e = 5 2 k B m e T e [16] , where k B is Boltzmann's constant.
The diffusive term in the equation of conservation of electric charge represents the divergence of the current density J q , which is given by
where σ is the electrical conductivity and E p represents the effective electric field specified by
with φ p as the effective electric potential and A the magnetic vector potential defined from
The use of φ p and A allows the a priori satisfaction of the solenoidal constraint ∇ · B = 0 in Maxwell's equations. The Coulomb gauge condition ∇ · A = 0 is used to define A uniquely. The charge conservation equation in table 1 assumes ∇σ · ∂ t A ≈ 0, as this term is negligible compared with ∇ · (σ ∇φ p ) and neglecting it simplifies considerably the implementation of the model. The effective electric field E p allows the description of generalized Ohm's law. Neglecting Hall effects, charge transport due to ions, and consistent with the assumptions discussed above, the effective (E p ) and the real (E) electric fields are related by
where p e is the electron pressure and n e the number density of electrons. LTE plasma flow models typically assume E p ≈ E, even though this assumption is not necessary (e.g. for a plasma in chemical equilibrium, the term ∇p e /n e can be calculated as a function of the thermodynamic state given by the pressure p and the equilibrium temperature T ).
The electron-heavy-species energy exchange coefficient K eh is modeled by:
where σ es is the collision cross-section between electrons and the heavy-species s [57, 58] , and m s is the particle mass for species s.
The plasma composition is determined using mass action laws (e.g. Saha equations), Dalton's law of partial pressures, and the quasi-neutrality condition for an argon plasma composed of the species Ar, Ar + , Ar ++ and e − . Subsequently, thermodynamic properties are calculated with standard formulae from statistic thermodynamics [16, 57] , and transport properties are computed through a table look-up procedure using the data from [44, 62] . More details of the calculation of material properties are presented in [33] . The net emission coefficient ε r used to describe optically thin radiation losses is calculated from data in [34] .
Numerical model
Discrete non-equilibrium plasma flow model
The complete set of equations in table 1 is handled as a single monolithic TADR transport system. This system is expressed in residual form as
where R represents the residual vector of the system of equations, Y is the vector of unknowns, the sub-indexes i and j stand for each spatial coordinate (e.g. for threedimensional Cartesian coordinates i, j = {x, y, z}), Einstein's summation convention of repeated indexes is used, and represents the spatial domain. The matrices A 0 , A i , K ij and S 1 are denoted as the transient, advective, diffusive and reactive transport matrices, respectively, which depend on the vector Y (see [33, 40] ). Equation (9) is complemented with appropriate initial and boundary conditions specified over the spatial domain with boundary = ∂ . The vector Y is defined by the set of primitive variables [42] for the problem, i.e.
The set of variables composing Y are mapped one-to-one to the equations in table 1; i.e. the equation for conservation of total mass is the primary equation to determine p, the momentum conservation equation for u, the heavy-species conservation equation for determining T h , etc. The numerical solution of equation (9) requires the adoption of a sound discretization approach. Equation (9) represents the so-called strong form of the NLTE plasma flow problem, which is used in methods such as those based on finite differences or finite volumes. The weak, or variational, form of the problem is often more suitable for methods that handle unstructured discretizations, such as the FEM [43] . Nonetheless, it is well known that numerical solutions of transport problems using discretization approaches based on either the strong or weak form of the problem are posed with diverse spurious behavior (e.g., oscillations, instability and divergence) when the problem is deemed multiscale (i.e. when one of the transient, advective, diffusive or reactive terms in equation (9) dominates over the others in certain parts of ).
The discretization approach used in this work is based on the variational multiscale (VMS) FEM framework, which has been proven very successful in the solution of diverse transport problems [37, 38] . The VMS method divides the solution space into large scales-the part of the solution that can be represented by the discretization and small scales-features that are too small to be described by the discretization and are therefore modeled. The VMS-FEM model used is described in greater detail in [33] , and is given by the following discrete equivalent to equation (9) R
where R is the discrete counterpart to R, Y h is the discrete representation of Y , andẎ h its temporal derivative; the notation (A, B) ≡ A · B d is used for a bilinear form of A and B, N is the multi-linear (i.e. second-order-accurate) finite element basis function [43] ; h and h are the discrete spatial domain and its boundary, respectively, and n is the outer normal to the boundary. The third term in the large scales component represents the imposition of boundary conditions. In the small scales term,
represents the TADR transport operator, * symbolizes the adjoint operator; τ ≈ L −1 is an operator that encloses the level of approximation (e.g. if the equal sign is instead used, then equation (11) provides an exact representation of the problem given by equation (9)); and ′ h is a subset of h adequate for the description of the small scales (see [33, 38] ). The discontinuity capturing term increases the robustness of the solution process in regions with large gradients [42] , where the discontinuity capturing diffusivity matrix K DC ij is a function of R(Y ) such that its effect is negligible as the solution converges (i.e. as R(Y ) → 0).
Solution approach
The VMS-FEM model given by equation (11) represents a discrete counterpart to equation (9) . Due to the singular nature of A 0 , R represents a very large differential-algebraic nonlinear system of equations. A second-order time-stepper is used for the solution of the differential-algebraic system given by equation (11) in order to obtain second-order accuracy of the overall formulation. The solution of equation (11) is pursued using the second-order generalized-alpha predictor multi-corrector method, which requires the solution of a nonlinear system for Y at each time step accomplished by an inexact Newton method with line-search globalization together with the generalized minimal residual method. The solution approach is described in greater detail in [33, 40] . 
The free-burning arc
Problem description
The free-burning arc consists of the establishment of a dc electric arc between a conical cathode and a flat anode in the absence of any other type of external forcing, such as auxiliary gas flow or external electromagnetic fields. The cathode is aligned vertically on top of the anode, and the whole set-up has axisymmetry. The shape of the cathode leads to self-constriction of the current density over its surface, which produces the so-called cathode jet-a local acceleration of the plasma toward the anode, and establishes a recirculating flow pattern and a characteristic bell-shaped optical emission profile. Despite the axisymmetry and constancy of conditions imposed on the system, the free-burning arc, similarly to diverse arc discharges, is prone to the development of diverse instabilities-fluid-dynamic, thermal, electromagnetic-due to the persistence of large property gradients (e.g. temperature change at the interface between the plasma and the surrounding gas, or velocity and temperature gradients at the interface between the radially ejected flow parallel to the anode). Furthermore, as described in section 1, deviations from thermodynamic equilibrium are expected at the interfaces between the plasma and its surroundings. These characteristics of the free-burning arc have motivated the use of the timedependent three-dimensional NLTE plasma flow model in this study (section 2). Figure 1 frame (a) shows the physical domain and its boundary ; the latter schematically represented through a slice across . The boundary is divided into cathode, anode, and outflow surfaces, which are used for the specification of boundary conditions. The spacing between the cathode tip and the anode is 10 mm (spacing used in diverse free-burning arc studies, e.g. [32, 34, [44] [45] [46] 56] ); the cathode tip has an angle of 60
• , has an extent of 3 mm, and is truncated at a radius of 0.2 mm. The domain's diameter is 52 mm and its total height is 22.7 mm. The domain does not include the cathode or anode solid regions (the electrode surfaces are part of the boundary). The discrete computational domain h and its boundary h are depicted in figure 1(b) . The domain h is composed of ∼2.5×10
5 tri-linear hexahedral elements (i.e. second-order-accurate [43] ) and ∼2.6×10 (10)), solution of equation (11) implies the simultaneous solution of ∼2.6×10
6 nonlinear equations at each time step. The insets in figure 1(b) depict the overall structure of the discretization of the anode surface, which shows that the central part of the anode mesh does not possess any singular point, particularly at its center. The use of a quasi-uniform second-order discretization without singular points helps prevent numerical instabilities in the solution process. This is especially relevant in computational studies of pattern formation and self-organization (e.g. in [33] the author reports that the obtained patterns significantly depend on the mesh resolution). Moreover, previous computational thermal plasma studies have shown that the effect of the spatial resolution is significant in the electrode regions [47, 48] .
Each set of results in section 5 (from a total of 18 simulations) required ∼10 nonlinear iterations per time step to reduce the global residual ||R|| by two orders of magnitude and an average of 1000 dynamically adapted time steps of sizes in between 10 −6 and 10 −4 s. The number and size of time steps needed depend on the initial conditions used (e.g. the solution for a given cooling level was used as initial condition for the next higher cooling level), and the static or dynamic nature of the patterns.
Boundary conditions
The set of boundary conditions used to model the free-burning arc discharge is listed in table 2. These boundary conditions can be considered standard in thermal plasma flow analyses (e.g. similar conditions are used in [28, 29, 32, 35] ).
In table 2, ∂ n ≡ n · ∇ is the derivative normal to the surface, where n is the outer normal; p ∞ = 101.325 kPa and T ∞ = 500 K represent outflow pressure and temperature, respectively. 
The profile of the imposed temperature over the cathode surface T cath is given by
where T crod and T ctip are the temperatures of the cathode rod and tip, equal to 500 K and 3600 K respectively, and L cath is a characteristic length set equal to 1.5 mm.
Heat transfer from the heavy-species to the anode is modeled as convective heat transfer losses [49] over a watercooled metal anode, where h w represents the convective heat transfer coefficient and T w = 500 K is used as the reference cooling water temperature. This type of condition is common in computational fluid dynamics and heat transfer, as well as in arc discharge simulations (e.g. [39, 50] .). This relatively simple boundary condition allows the simulation of the whole spectrum of cooling levels by varying the value of h w from 0 to ∞, i.e.
Equation (13) states that the case of no anode cooling-zero heat flux from the plasma to the anode-is achieved in the limit h w → 0, whereas equation (14) indicates that the condition of extreme cooling to a temperature T w is achieved in the limit h w → ∞. if phase change occurs [41, 49] . The current density profile over the cathode J qcath is given by J qcath = J q max exp(−(r/r cath ) ncath ),
where r = (x 2 + y 2 ) 1 2 is the radial coordinate, and J q max , r cath and n cath are parameters that control the shape of the current density profile, chosen such that J qcath satisfies the imposition of the total electric current to the system I tot , i.e. I tot = Scath J qcath dS, where S cath is the cathode surface. The values of J q max , r cath and n cath used in the present research are given in table 3.
The study [33] investigated the formation of selforganized anode patterns for a wider range of total current (i.e. from 100 to 300 A in intervals of 25 A), but for a fixed level of anode cooling given by h w = 10 5 W m −2 K −1 and T w = 500 K (representative for anode cooling under thermal [16] .
Simulations of anode patterns
Overall plasma characteristics
The validation of the NLTE arc discharge model described in sections 1 and 2 has been presented in [33] for the free-burning arc, and in [27, 52, 53] for LTE and NLTE models of the flow in a non-transferred arc plasma torch. The free-burning arc simulations in [33] presented agreement with the experimental temperature distributions reported in [44] , and captured the quasi-linear dependence of |u z | max with I tot consistent with the expected behavior of |u z | max ∝ (J qcath I tot ) 1 2 [16] ; as well as the sub-linear dependence of |T h | max and |T e | max and the linear dependence of | φ p | max with I tot observed in the numerical results in [51] and the experimental findings in [54] . The model validation in [33] also showed that the discrepancy in the overall plasma characteristics with respect to the results obtained with a ∼2 times finer mesh are within 1 and 8%. Figure 2 shows the distribution of heavy-species and electron temperature and voltage along the axis of the arc column as a function of total current and level of anode cooling. The results in figure 2 show that the anode cooling level has a negligible effect on the temperature profile along the axis of the arc away from the anode region; and furthermore that the temperature profiles are essentially indistinguishable for cooling levels given by h w = 10 4 W m −2 K −1 or higher. The significant deviations between T h and T e near the anode (for 0 < h w < ∞) are qualitatively in agreement with the results from more detailed analyses of the anode region [17, 55] , and typify the extent of the so-called anode sheath, where the LTE and other approximations (chemical equilibrium, quasineutrality, etc) are typically not valid. The results in figure 2 also show a relatively large difference between heavy-species and electron temperatures in the region adjacent to the cathode tip. Nevertheless, the NLTE model used in this study uses very simple boundary conditions (i.e. zero gradient of electron temperature) and cannot describe properly the phenomena in the cathode region. More realistic values can be expected, for example, by using a cathode sheath model [48, 51] . The results in figure 2 agree with the results reported by Heberlein et al [17] for a free-burning arc in argon, in which spectroscopic temperature measurements (assuming LTE) indicated values of temperature between 12.4 and 12.9 kK at 1 mm in front of the anode.
Despite the relatively small effect of the cooling level on the temperature profiles, it causes a marked change in the voltage distribution along the center of the plasma column. The results for the lower currents and high cooling levels show a sudden drop of voltage near the cathode tip-more clearly evidenced in the plot for 100 A and h w = ∞. This drastic drop occurs in spite of the fact that the NLTE model used (table 1) cannot adequately describe the formation of an anode sheath due to both, the limitations of the physical model (e.g. the absence of electrode heat transfer, assumptions of quasi-neutrality and chemical equilibrium, etc) and the limited resolution of the spatial discretization (i.e. the relatively coarse grid spacing perpendicular to the anode). This sudden voltage drop is in fact an artifact of exploring the plasma characteristics in the axis of the plasma column, because, as described in the next sections, the numerical solutions for high levels of cooling and low currents reveal the formation of attachment spots that may not rest exactly at the axis of the discharge.
Anode attachments for extreme and no-cooling conditions
The NLTE arc discharge model is first used to explore the effect of the extreme levels of cooling, i.e. no anode cooling (h w = 0) and imposed temperature over the anode (h w = ∞), for the three values of total current, i.e. I tot = 200, 150, 100 A. Figure 3 shows three-dimensional representations of the obtained heavy-species temperature fields. The color scale used in figure 3 has been chosen to emphasize the values of T h over the anode surface such that the occurrence of anode spots can be more clearly identified. The distributions of T h show the bell-shaped plasma profile characteristic of the freeburning arc for all the values of total current and cooling level. Nevertheless, the distribution of T h over the anode surface is markedly different between the cases where h w = 0 (i.e. ∂T h /∂n = 0) and those for h w = ∞ (i.e. T h = T w ). The results for no anode cooling show a single diffuse attachment spot, whereas the results for high cooling show anode spot patterns. Each anode spot is circular and the obtained patterns strongly depend on the value of total current. The characteristics and formation of the patterns with increasing cooling level is discussed in the next section. Figure 4 shows equivalent results to those in figure 3 but for the distribution of electron temperature T e . The same color scale used in figure 3 is used in figure 4 . The comparison of the temperature distributions in figures 3 and 4 indicates the markedly more diffuse nature of the electron temperature fields. The more diffuse T e fields are in part explained by the smaller values of the Péclet number for electron Heavy-species temperature (T h ) distribution for I tot = 200, 150, and 100 A for the two limiting cases: (left column) h w = 0 and (right column) h w = ∞. The color scale emphasizes the distribution of T h through the plane 0.2 mm above the anode; the adiabatic boundary condition (h w = 0, hence ∂T h /∂n = 0) produces a uniform anode attachment, whereas the imposed-temperature condition (h w = ∞, hence T h = T w ) produces well-defined attachment spots.
temperature (P e e ) compared with those for heavy-species temperature (P e h ) for low values of T e , where P e e /P e h ≈ (∂h e /∂T e )(∂h h /∂T h ) −1 (κ hr /κ e ) (see material properties in [33] ). The Péclet number quantifies the strength of advective with respect to diffusive transport [41] , and therefore small values of P e e /P e h indicate that electron thermal energy gets transported by diffusion more rapidly than heavy-species thermal energy. Despite the more diffuse electron temperature fields, the results in figure 4 show the occurrence of the same anode spot patterns depicted in figure 3 . It could be expected that experimental diagnostics of the free-burning arc for equivalent operating conditions will reveal optical profiles in between those obtained for h w = 0 and h w = ∞ (realistic anode cooling conditions correspond to somewhere in between extreme cooling and no cooling) and in between those for T h and T e . (Optical profiles are a consequence of the emission of photons with frequencies within the visible range due to electronic transitions, which in general depend on both, T h and T e [16] .)
The T h distributions for I tot = 150 in figure 3 show small oscillations near the outflow boundary. Such oscillations are a product of the outflow boundary conditions used and can be mitigated by the use of a larger domain or by the use of nonreflecting outflow conditions, such as those based on the use of a so-called sponge zone, as described in [40] . The facts that these oscillations are not present in the T e (figure 4) or other fields and, that they occur indistinctively of the formation or not of anode spots, indicate that they have a negligible effect on the formation of anode patterns.
Effect of anode cooling on pattern formation
Next, the NLTE arc discharge model is used to investigate the effect of gradually increasing the level of cooling on the 2 and 10 4 [49] ). The first columns in figures 5-7 show the bell-shaped temperature distribution characteristic of the free-burning arc for all values of total current and cooling levels. For a given value of total current, the heavy-species temperature distributions differ only in the region near the anode; furthermore, the profiles basically do not change after a given value of cooling level (e.g. h w > 10 4 for I tot = 200 A). Also, the comparison of the results in the figures shows that the bellshaped profile of the plasma gets thinner with decreasing total current. The results in [33] showed that the T h distributions from the NLTE model for I tot = 200 A were in qualitative and quantitative agreement with the experimental measurements reported by Hsu and Pfender [44] . Nevertheless, those numerical results showed a more constricted profile neat the anode. The results in figure 5 indicate that better agreement can be obtained by fine-tuning h w to a value below the 10 5 W m −2 K −1 used in [33] , or by using experimentally measured values, as done in [34, 56] .
The fourth columns show the distribution of the thermodynamic non-equilibrium parameter θ = T e /T h . The same color scales used for the T h and θ plots are used in figures 5-7 to allow a more direct comparison among them. The distributions of θ show that the plasma within the bell- shaped profile is basically in thermodynamic equilibrium (i.e. T e ≈ T h ) for all the values of I tot and h w , and that significant non-equilibrium is found only in the plasma peripheries, especially in the region near the cathode. Even though it is not appreciable in the results in the fourth columns, there is significant non-equilibrium in a thin layer next to the anode surface, as described next for the results over the anode surface. Consistently, the results in the first columns show a very thin 'cold' layer in the interface between the plasma and the anode. The second and third columns in figures 5-7 show the distribution of T h and θ at 0.2 mm over the anode surface, respectively. Figure 5 shows that spots start appearing in a satellite pattern surrounding a central diffuse spot for h w between 10 3 and 10 4 for I tot = 200 A, and that these satellite pots become more defined with increasing cooling. Once the spots are formed, the degree of non-equilibrium remains high in the region among spots, and it is highest away from the center of the plasma column. The planetary distributions of spots in figure 5 for h w > 10 3 W m −2 K −1 resemble the experimental results by Yang and Heberlein [22] of anode burn patterns caused by constricted anode attachments in a forced transferred arc operating at 100 A. Despite the higher current and lack of flow forcing, the numerical results here capture the planetary distribution of anode patterns presenting a stronger, dominant, attachment spot at the center of the anode. Figures 6 and 7 present equivalent plots to those in figure 5 but for I tot = 150 A and 100 A, respectively. Interestingly, the results in figures 6 and 7 show that the transition from a single diffuse spot to spot patterns also occur at the same cooling level as for I tot = 200 A (i.e. h w between 10 3 and 10 4 W m −2 K −1 ). Moreover, the change in temperature distribution over the anode from frames (c) to (d) for all current levels is relatively abrupt, particularly for 150 A, whereas the overall shape and structure of the plasma volume appears relatively unchanged. Such sudden change may provide evidence that an underlying instability phenomenon is responsible for the transition from diffuse to constricted attachment patterns, as suggested by the results from previous investigations [21] [22] [23] [24] [25] .
The occurrence of a diffuse attachment spot for high currents and constricted spots for low currents and high anode cooling shown in figures 5 to 7 resembles the experimental observations described by Mentel and Heberlein [19] . Moreover, the review paper [17] reports that the constricted anode attachment is characterized by a plasma flow from the anode to the bulk plasma. But in contrast to those investigations, the numerical results here do not take into account the role of metal vapor. The authors in [22] state that the formation of constricted spots is in part due to the evaporation of anode material; an effect that is not accounted for in the numerical simulations in the present investigation. The effect of electrode material evaporation on the arc has been reported in [45] , where numerical simulations indicate that the addition of metal vapor from the cathode increases the electrical conductivity of the plasma, causing an increase in the arc's core temperature and constricting the size of the anode attachment. Nevertheless, the fact that the spot patterns can be captured with the present model indicates that other effects may also drive the formation of anode patterns, particularly among them, the degree of thermodynamic non-equilibrium.
The patterns for 150 A in figure 6 show a weakened main central spot compared with those found for 200 A, and the patterns for 100 A in figure 7 basically lack of any main spot at the center of the arc for high cooling levels. This result is consistent with the experimental diagnostics across the anode region (e.g. y-z plane in figure 1 ) of a free-burning arc by Baksht et al [21] , which show the occurrence of multiple anode attachment spots for values of total current of 170 A and below. Furthermore, the patterns for lower current levels start presenting the occurrence of smaller spots in the center of the arc, in qualitative agreement with the results in figures 5 to 7.
The comparison of the results in figures 5 to 7 shows that the patterns for 200 A are symmetric, whereas the level of symmetry is gradually lost for lower current levels (consistent with [21] ) and with increasing cooling level. This symmetry breaking is in part due to the dynamic nature of the patterns, as explained in the next section. In addition, as reported in [33] , the results do appreciably depend on the spatial discretization used (i.e. mesh density and configuration of the nodes in the mesh, where the patterns for the finer mesh present a more detailed structure). The high computational cost of the simulations has prevented the analysis of the effect of mesh refinement in this study. Nonetheless, the results here can be considered representative of the expected anode pattern formation phenomena in arc discharges. The NLTE model in section 2 could be used as basis for more comprehensive models; i.e. models that include electrode heat transfer, potentially including phase change (metal vapor and/or melting of the anode [6] ), and chemical non-equilibrium. Such comprehensive models are needed, for example, for the analysis of the ac operation of high intensity discharge (HID) lamps [19] .
Pattern dynamics
The results in figures 6 and 7 for high cooling levels show increasing lack of symmetry in the obtained patterns. Lack of symmetry was also observed in the results for low currents presented in [33] . The numerical simulations in the present report reveal that the loss of symmetry in the patterns is due to the dynamic nature of the attachment spots. The patterns become increasingly dynamic with decreasing total current and increasing cooling level. Figure 8 shows a sequence of snapshots of the heavyspecies temperature distribution at 0.2 mm from the anode surface for I tot = 100 A and h w = ∞. The snapshots are spaced by ∼100 µs and show the different aspects of the spot dynamics: the formation of new spots by the splitting of old ones at the center of the arc and their radial movement (square insets in the sub-frames in figure 8 ), as well as the eventual extinction of old spots in the periphery of the plasma (circle inserts). The pattern dynamics are more clearly appreciated in animation 1 in the online supplemental materials (stacks.iop.org/PSST/22/000000/mmedia). The simulations are able to capture the dynamic nature of the patterns despite the constancy and uniformity of the geometry and boundary conditions. Such natural dynamics resembles instability phenomena often captured by computational fluid dynamic simulations, such as the formation of Kármán vortex street [60, 61] . The occurrence of dynamic spot patterns may be arguably related to the existence of multiple solutions to the steady-state equations describing the plasma (e.g. equations obtained by setting all transient terms in table 1 equal to zero). Such multiplicity of steady-state solutions has been demonstrated in the current transfer to cathodes of dc glow discharges [7, 8] .
The dynamics of the patterns is also manifested in the overall characteristics of the plasma column. Table 4 h w approaches an asymptotic value as h w → ∞. The level of cooling in table 4 from which the patterns become dynamic can be identified by fluctuating values of voltage drop (marked with * and * * ). The pattern dynamics are more significant for the lowest value of total current (100 A) and the highest cooling level (h w = ∞), which show fluctuations in voltage of up to 0.05 V (∼0.4% of the overall voltage drop). It can arguably be expected that the amplitude of such fluctuations increases with decreasing total current, which would favor the study of low values of total current in experimental diagnostics aimed at their detection. Nevertheless, experimental investigations (e.g. [21] .) have observed that the free-burning arc discharge becomes increasingly unstable with decreasing total current, which would potentially limit the accuracy of the measurements of voltage fluctuations due to the dynamics of the attachment spots.
Summary and conclusions
Self-organized electrode attachment spot patterns are often observed experimentally in diverse types of electrical discharges, including electric arcs, but are seldom captured by numerical simulations. This work investigates the formation of anode spot patterns in the free-burning arc, a canonical arc discharge with an axisymmetric electrode configuration and in the absence of external forcing, using a timedependent three-dimensional thermodynamic non-equilibrium (two-temperature) model. The fluid-electromagnetic plasma flow model is numerically implemented within a second-orderaccurate in space and time variational multiscale FEM. The investigation is focused on the effect of the strength of anode cooling on the obtained patterns. Simulation results show the gradual emergence of spot patters with increasing levels of anode cooling: from a single diffuse spot for low cooling levels, to the appearance of small spots in the peripheries of a central main spot, and to the eventual coverage of the anode region by small spots for intense cooling. The number, size and location of the spots in the patterns significantly depend on the imposed total current. The computational simulations reveal that the patterns transition from steady to dynamic with decreasing total current for equivalent (high) cooling levels. The pattern dynamics show the formation of new attachment spots by the splitting of old ones occurring in the center of the plasma, as well as the movement and eventual extinction of spots at the plasma boundaries. The different types of anode patterns (from diffuse to self-organized spots) have a significant effect on the total voltage drop across the plasma column, but a minor effect on other plasma characteristics away from the anode region. The results indicate that thermal instability together with equilibration between heavy-species and electron energy have a dominant role in the formation of anode patterns in arc discharges.
